and amplitudes of sinusoids. As proved, both types of the estimators and observers possess the property of global convergence. Although the amplitude estimators are conceptually and computationally simpler than the amplitude observers, the latter avoids a critical step in calculations of the inverse of the Vandermonde matrix and hence can better deal with the cases when two or more estimated sinusoidal frequencies are close to each other. Nevertheless, the amplitude observers have the drawback of slowing down the estimation process, and still freezing when the determinant of the Vandermonde matrix approaches zero.
I. INTRODUCTION
The use of digital computers and samplers in the control circuitry in the recent years, has made the use of discrete-time system representation more justifiable for controller design than continuous-time representation. In the recent years, considerable amount of research has been done on discrete-time sliding mode controller design [1] - [4] . In discrete-time sliding mode control, the control input is calculated once in every sampling interval and is held constant during this period. Due to the finite sampling frequency, it may happen in discrete-time sliding mode, that the system state trajectory is unable to move along the sliding surface. It may move about the surface, thus giving a slidinglike mode or quasi-sliding mode motion (QSM).
The aforementioned sliding mode control strategies are based on state feedback. Since all the systems states may not be available for measurement in most systems, such control strategies have a problem from the implementation point of view. This prompted the development of output feedback sliding mode control strategies [5] - [7] . However, these control strategies also have certain shortcomings. Sliding mode control strategies based on static output feedback may not exist for all controllable and observable linear systems, whereas dynamic controllers would increase the complexity of the system.
In this note, a robust sliding mode control strategy based on multirate output feedback [8] for uncertain discrete-time systems is proposed. In this technique, the system output is sampled at a rate faster than the control input. Consequently, the control algorithm is based on output feedback and at the same-time, is applicable to all controllable and observable systems. Thus, it has the advantages of both state feedback and output feedback control philosophies.
The organization of the note is thus. First, the concept of multirate output feedback for uncertain systems is explained. A brief review of state feedback based quasi-sliding mode control for uncertain discrete-time system is discussed [2] . The robust multirate output feedback based sliding mode control of uncertain LTI systems is proposed next. The proposed control strategy is then illustrated via a numerical example, followed by the conclusions. 
f (k) is the disturbance vector representing the combined effect of unmodeled dynamics and external disturbances affecting the system. It is assumed here that f (k) is bounded and is a disturbance signal that satisfies the matching condition as imposed in [9] . The discrete-time system (1) results when a linear time-invariant system with state independent bounded disturbance is discretized.
Let the system input be applied at a sampling interval of sec and the output be measured after every 1 sec, where 1 = =N; N being an integer greater than or equal to the observability index of the system. Let the system (1) sampled at the 1 interval, assuming that the disturbance component f (k) remains unchanged during each -interval, be
Remark 1: By simple matrix manipulation, it can be shown that the relationship between the system parameters of the -system and the 1-system is independent of or 1 and is only dependent on the value of N . It can be shown that Then, a multirate output feedback representation of the system, with the output sampled at an interval 1 sec and the input sampling interval sec, would be
where
. . . . . .
From (3), the value of x(k) can be expressed in terms of output samples
Remark 2: Since the value of N is chosen to be greater than the observability index of the system, C 0 would be a pN 2 n matrix of rank n. Hence, (C T 0 C 0 ) would also be a matrix of rank n. Moreover, it would be a n 2 n matrix and, hence, would be invertible.
From (3) and (1), the system state x(k) can be represented as a function of the past multirate output samples, past control and disturbance signals as [10] 
Remark 3: It should be noted here that the multirate output feedback technique is different from an observer based technique in two important aspects. First, it does not make use of the "present" outputs or input, thus providing for a time-delay required for control law implementation in practice. Second, the system states are computed exactly after just one sampling interval as opposed to a theoretically infinite time taken by an observer.
In case of multirate output feedback, the error between the computed state and the actual state of the system goes to zero once a multirate sampled output measurement is available, i.e., after sec. However, in case of an observer, the error between the estimated and the actual system state decreases asymptotically, but goes to zero only as time approaches infinity.
III. REVIEW OF STATE FEEDBACK BASED QSM CONTROL OF UNCERTAIN SYSTEMS
Consider the system (1). Let s(k) = c T x(k) be the sliding function designed so that the system dynamics are stable when confined to the sliding surface s(k) = 0. A method for designing a stable sliding surface has been suggested by Gao [2] .
Since, it is assumed that f (k) is bounded, it is correct to assume that d(k) = c T D f (k) will also be bounded. Let the bounds be
Let us also define the mean and spread ofd(k) as
A reaching law approach was proposed in [2] for the quasi-sliding mode control of systems of the form (1). The control is made to satisfy the reaching condition
+d(k) 0 d0 0 d1 sgn(s(k)) (8) where q > 0; > 0; 1 0 q > 0. Thus, the sign of the increment in s(k) is made to be always in opposite sense to that of s(k), irrespective of the value of the disturbance factord(k). A control law that satisfies the reaching law (8) can be computed to be
A. The Bound on the Quasi-Sliding Mode Band
In order to satisfy the crossing-recrossing condition of quasi-sliding mode sgn(s(k + 2)) = 0sgn(s(k + 1)) = sgn(s(k)):
On the other hand, taking into account the reaching law (8), we have
Due to be boundedness of f (k), the value of jd(j)0d 0 j d 1 . Hence, for the assurance of quasi-sliding mode, i.e., for sgn(s(k + 2) = sgn(s(k)) for arbitrarily small magnitude of s(k), the following condition has to be satisfied [11] :
Hence, imposing the constraint on the controller parameters as q 2(1 0 q ) > d1: (10) Further, using the fact that while the system is in sliding mode sgn(s(k + 1)) = 0sgn(s(k));s(k) 6 = 0, the bound on the QSM band, , may be calculated from (8) as
2d1 + :
The state feedback based control law (9) can be converted to output feedback based control law by substituting for x(k) from (5). However, due to the presence of the uncertainty L d f (k), the control would not be implementable. Hence, for achieving a multirate output feedback based control algorithm, the control law has to be redesigned from a modified reaching law suited for output feedback. In the following, this new reaching law and control algorithm are presented.
IV. OUTPUT FEEDBACK SLIDING MODE CONTROL ALGORITHM BASED ON MODIFIED REACHING LAW
Consider the reaching law
Now, a state feedback based control law satisfying the reaching law (11) can be formulated as The control law (12) has an uncertain componentg(k 0 1). However, if the multirate output feedback control is attempted by replacing the state vector x(k) from (5), the uncertain components in (5) and (12) cancel out to give a multirate output feedback based quasi-sliding mode control algorithm that does not have uncertainty components 
A. QSM Bound in Multirate Output Feedback Control
The presence of the uncertainty term L d f (k) in the output to state relationship (5) causes an uncertainty in the calculation of the system state. Thus, the sliding function s(k) cannot be exactly computed. However, the sign of s(k) is essential for generation of the control (13).
Since, only the sign is essential, but not the exact value, sgn(s(k)) is replaced with sgn( s(k)), where s(k) is computed using the formula
The value of sgn(s(k)) = sgn( s(k)) whenever j s(k)j > l 1 . However, when the value of j s(k)j < l1, the sign of s(k) cannot be deter- 
The QSM band is the region in the phase space where the sign of 
Using the relationship between s(k) and s(k) in (14), the QSM band can be calculated as
Assuming that s(k) = y satisfies the inequality (15), the QSM band can be computed as Thus, it can be seen that the multirate output feedback-based control algorithm has an increased bound on the QSM band in comparison to the state feedback based QSM control algorithm.
It can also be observed that the QSM band y > l1, due to the fact that (1 0 q ) < 1. Thus, even with the uncertainty of the sign of s(k) in the range js(k)j < l 1 , the system still remains in the QSM band y , even when s(k) is replaced by s(k) in the signum function present in the control algorithm (13). where w is a bounded state independent disturbance. If the system is sampled with a sampling time = 0:1 sec, the discrete-time representation for a particular sinusoidal disturbance would be
Choosing the sliding surface s(k) = [00: 8 1] x(k) = 0 and N = 2, the various controller parameters can be computed to be The value of q and is chosen as q = 2; = 1. The simulation results for an initial condition of x(0) = [1 0], can be seen in Fig. 1 . It can be noted here that though the actual QSM band is of much less width as compared to the bound y . This is because the bound is calculated for the worst-case scenario of disturbance which may seldom persist for a long time in an uncertain system.
VI. CONCLUSION
A multirate output feedback based sliding mode controller for discrete-time linear time-invariant systems with uncertainty has been proposed in this note. The proposed control algorithm makes use of only the past input and output samples of the systems to realize a QSM motion in the system. Hence, it is more practical as compared to a state feedback based control algorithm. The proposed control algorithm was validated through a numerical example and the results were found to be encouraging.
I. INTRODUCTION
Backlash exists in a wide range of physical systems and devices, such as biology optics, electro-magnetism, mechanical actuators, electronic relay circuits and other areas. Such nonlinearity is usually poorly known and often limits system performance. Control of systems with backlash nonlinearity is an important area of control system research and typically challenging. For backlash nonlinearity, several adaptive control schemes have recently been proposed, see for examples [1] , [2] , and [3] . In [4] , [5] , and [6] an inverse nonlinearity was constructed. In the controller design, the term multiplying the control and the uncertain parameters of the system and nonsmooth nonlinearity must be within known bounded intervals. Backlash compensation using neural network and fuzzy logic has also been used in feedback control systems [7] . The system states and uncertain weights must be within a known compact set. With these developed schemes, the transient performance is usually not guaranteed due to their design methods. In [8] , variable structure control was proposed to stabilize the nonlinear plants by using a quasistatic and a dynamic description of the nonlinearity, where the parameters of the dead zone and backlash nonlinearities are bounded by known constants. In [9] , a dynamic backlash model is defined to pattern a backlash nonlinearity rather than constructing an inverse model to mitigate the effects of the backlash. However, in [9] , the term multiplying the control and the uncertain parameters of the system must be within known intervals and the "disturbance-like" term must be bounded with known bound. Projection was used to handle the "disturbance-like" term and unknown parameters. System stability was established and the tracking error was shown to converge to a residual. In [10] , a state feedback backstepping design was developed to deal with the backlash nonlinearity, where the effect of backlash was treated as a bounded disturbance and an estimate was used to estimate its bound. The detailed characteristic of backlash was not considered in the controller design.
